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Ch4: Basics of Stratified Fluid

Sec. 4.1: Basic Equations

Stratification will introdue new physcs. We first derive the equaions Denoting rotation

vector as 0 , gravity potentid ! , u=(,v,w)" =i/ +j/ +k/,. The momentum
equaionsare
R uf= # p#+1 +F, (4.1.1)
(dt %

Themass equdionis

4 =0 4.12)
dt
Theequdion of statein general is
! =1(p,T,S.) (4.1.3)
In the ocean, ngglecting salinity, the equaion of stateis
#=n 0T T,) (4.1.4)
. 197 . . :
where ! =" — —_ is the codficient of thermal expanson and !/, is a condant
# &S (
reference dendty, which can bechosn astheaverage densaty.
In theatmospheae, uang the pefect gas, theequdion of stateis
P
| = — 415
RT ( )

where Risthegas condant.
The thermodynamic equaion describes the internd energy change For the ocean, which

isincompressible, thethermodynamic equdionis
dT

— = pQ+kV?T 416
pgr - PR (4.16)

where k is the themal condudivity, Q is the hegting rate pe unit mass. This can be

rewritten as
%—I =J+k T (4.1.69
Q k

whaeJ = — andk = —.
C, IC,
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Theatmogpheeis compressible, so thethermodyramic equaionis

d—T—id—f: J+kv?T (4.1.7)

01
Definethe potential temperature as” :Tép—;éo, where !/ :% , we have
p

(
_ oPo b _
In) =InT +Ingg—=~ =InT! (Inp+const
&y
ﬂ:d_-r' (%
) T p
—_ 1 (1- ft_ pof‘( ' (1- ft
d) =%-1&dT"' ~—dp| = T'-—d
4 O/El'f%)j Y P %P %S P
d) _ope$ :
~=ggol I +k T (4.1.8)
C Yt DT

where we have used (4.1.7) and theideal gaslaw (4.1.5), such that TR i.
p pC IC,

p
Theefore, in the local Cartesian coordinate, we have the full set of equaions for the

stratified ocean and atmosphee as:

TU+UT UV U+ W U f\/=#£"xp+1FX
! /
n n n n 1 n 1
NVHU" VYT VW zV+fU=#,— Vp+/_Fy (4.18)
n n n n 1 n 1
(WHUT WHV" Wt W ZW+g=#,— Zp+I—FZ
J,p +UJp+Vd,p+Wd,p =—-pfd,u+d Vv+a,w (4.19)
"THu" T+v" T+w",T=J+K *T oceam (4.1.109
Do %
) HUF) HVE ) W) :%’WO" {3+k >} atmosphere (4.1.10b)
P #
$" ¢ #T,) ocean (4.1.119
P
I = — atmopheae 4.1.11b
=T P ( )
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where a beta-plane is used such tha f = f, + /' y. The chaacteristics of the ocean and

amophee also allow theequaionsto befurther smplified for each system.

1. Oceanic Equaions
!
The ocean is almog incompressible. Therefore, !/ =1+ ,(x,y,zt) with —% <<1. The

I
*m

incompressibility has three conequences. Firs in the mass equation,
d”o
dt /. —2 <<1, and therefore (4.1.2) reduces to volume conservation

I ¥u=0 (4.1.12)
Second, the theemodynamic equaion and the equaion of state can be combined togeher.

Eqgn(4.1.119 can be written as”, =#" /T' whee T'=T! T,. The theemodynanic

equaion (4.1.109 can therefore bewritten as

&% +U¥H)%g=kt2%" 3! S (4113
Third, large scale oceanic process aso satisfy D/L<<1 and in turn the hydrodatic
approximation (as in the case of shdlow water in section 1.1). The vertica momentum
equaion at theleading order can be shown as

!_p:"

1z 9%

Defining p = P(z2)+ p,(x,y,zt), whee P="g/ 7z is the static pressure due to the

averagedengdty, therest of perturbation pressure po satisfies
Po _ g1, (4.1.14)

z
Fourth, the momentum equaions can be furthe simplified usng the Boussinesg
approximation, such tha the dengty is a congant except when it represents the buoyancy
forcing in the vertical momentum equdion. The horizontal pressure gradient forcing can

be approximated as
R N
7 hP e h Po 7 h Po

m

whee " | =i/ +]! isthehorizontal gradient.

Findly, after thefour more approximations we have the ocean equdionsas:
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du+U¥v- fv:—i&xpO +iFX
gv+U¥vl+ fu= —i&ypo +iFy
pm m
L5 p, =% (4.1.15)

Pm Prm

Ju+d v+d,w=0

2,00+ U¥V)o, =5,
2. Atmopheaic Equdions
Since the atmogpheae is incompressible, the mass equdion (4.1.9) is a predictive
equaion. This equaion, however, can be smplified for large scale D/L<<1 processes by
usng the hydrogatic approximation /,p = "g#. The mass pe unit area ddntained

between the pressure surface p and p+ dp is

n

=P P

g
Themass of amaterial elementis:

IxIy! —] /
Im= "Ixtylz=2XYP P+p

Following theflow, the mass conservation %(!m) = 0 becomes

%(! m) = %é’ylp%(!xﬁ !x!p%(!y)+ !x!y%(! p)l(c)?/?= 0

_Ixlylp&l "dxg 1 ,"dyg 1, "dpg )
g (/x #dt% 1y #dt% 1p #Fdt% .

_ Ixlylp

(’Xu+’yV+’p' = )

g
whee ! = %) The continuity equdionfor theatmospheeistherefore

Tu+iv+l" =0 (4.1.16)

Thisis agreat smplification dueto the p-coordinae. But, for other purposes, it turnsout
not to be very convenient to use the p-coordinate. We can use thelog p which combines
both the advantages of the p and z coordinates.

Since p = ! RT, we have
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% g

i n $ - n_9

- T Rl
IR

p=pe" " =pe"

Since T is roughly congant (in Kelvin) with height, say T! Ts, p decreases roughly
exponantially with a scale height

!i A
P=pe ™, H e-folding decaying
.
with ascale height
H, = RT, (4.1.17)
g
‘ >

p
(the ocean can be taken as the case of an infinite scale height). So wave-like motions
which have asimple form in z, have a more cumbersome mathematical structurein p. To
avoid the problem, we use the height-like vertical coordinate:
zZ=" Hsln%ft (4.1.18
7 "
or

1 2

p=pe "™, (4.1.189
where H is congant ( so Z is still in p-coardinate). We could in prindple choo® H to be

anything, but Z will be like therea heght if we choo® H to be a typica value of the

scale height H, for the region of interest. For example, if we choos T, = 250K, then
H, =BTS =7.3Km.
g
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For US standard atmosphee (P, =1013.25hPa)

p(hPa) z(km) Z(km)

1000 0.111 0.096
850 1457 1.282
700 3.012 2.700
500 5534 5.156
300 9.164 8.885
200 11.784 11884
100 1618 16904
50 20576 21965
30 23849 25694
10 31.055 33714

Now, we will write Z, for therea geometric height (wq for vertical velodity in Z ).

) :d_p
- dt
Z="HIlnp+HInp,

daz ="' H@
p
W:d_Z:' ﬂ%:'i(
dt p dt p

i:' ﬂ%:

e T G

The continuity equédionin thelog p or Z-coordinae can be derived from (4.1.16) as.
Iu+! yv+1! ,(pw)=0 (4.1.19
Y

Furthemore, in the p- (or Z-) coordinae, we adso have to change the form of the

horizontal pressure gradient. Take the u-equéion as an example.
d 1 1

Ul =t 7(#Xp)yvzg +=F
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c Z=cong,
or p=cong

Z =const 174

=
»

A

((? p) _Pa=Ps _ Pa—Pc _ gp(ZQA_ZQC) — gp(zgs_zgc) =p 9P
G o o X X x|,

Here, we have used pg = pc, Zg =Zg, the hydrodatic approximation "p =#g! "Z,

9

sothat p,! pe =!9"(Z,! Z,) andthedefinition of geopoential heghtas ! = gZ, .

This also shows another advantage of the p- (or log p-) coordinae: it gets rid of the %

factor in the pressure gradient term and therefore acts similar to the Bousinessq

approximationin the ocean. Similarly, we have

i i 8

Findly the hydrodatic approximationis

"Zg ”p g!
ﬂ _lll

B  #

g p T

& he O,

Thecomplete set of theatmopheic equaionsare therefore
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U+ Uy ux fu=x, ) +

, U+, yv+%, ,(pw)=0 (4.1.20)

where " —Té—é p= po' *,and Q, %&’${J+k! 2T}.

A compaison of (4.1.15) and (4.1.20) shows that the ocean equaions (4.1.15) can be
recovered fromthe aamospheic equaions(4.1.20) by the subgitution of

! !

P, = P, B@@, i@—i, %@—&Qa
0

Po 0, T
and by interpreting Z as thegeometric heightin (4.1.20).
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Sec 4.2: Vorticity Equation and Circulation Theorem

1Vorticity Equdion
Thederivation of thevorticity equaionin astratified fluid is ssmilar to tha in the shdlow
water case but now with three dimensond components. In addition, stratification adds
termsto the equaions Themomentum equdionsare:

"U+ (U¥H#)u+ 2% %u :&%#P&#( +,1F.
We will use thevector opaation. Theablute vorticity is

S22+ Yu=2# +"

Notice:
i ] k

AxB=|A, A A|=(AB,-AB)i+(AB, -AB,)j+(AB, - ABk
B, B, B,

Usingtheidentity " #u=($ #u)#u :(u¥$)u%%$(u¥u),

we have:

U+ (24 +8) =81 (P&( () +%)+,E
#" (u! eq.), wehave

"#+ S U #, W) &

#ta +$ W#, %) ='$ cy((%$ P)+$ 0/((%)

Since

i " ﬁ%! P"(g‘:) é! *n P+é[! "1 P]

(i) #(A#B)=A( .¥B)" B( .¥A)+(B¥! A" (A¥! B

we findly have thevorticity equdion

G0+ (U¥V)E, =—E,(VEU) + (Ea ¥V)U+ 5 Vox VP4V x (1F) (4.2.1)
1Y P
local adv. stretching  distortion Baroclinic Curl(forcing)
variability term
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Compaed with shdlow water case, the two new terms are the distortion term and the
barodinic term.

Thedistortionterm indudes the two effects of rotating and stretching of thevortex tube

r+dl

dl: amaterial
line

r
Following a vortex tubeas amaterial line, we have

%(ou): u +d)" ul)=(d ¥ Hu

whee d" #, is a material line following the vortex tube and defined in the local

coordinae asthedirectionof z, such tha “, =(0,0,",). Therefore, thedistortionterm is
("0 ¥ u="¥8u= ("R, "BV, " SW) (4.2.2)

tilting stretching

Thefirst two components represent thetilting effect, while thelast component represents
the stretching effect.

t=0
—_— A t=dt
S
—
2
! Tilting Effect
> "u>0

Thetilting effect changes the direction of thevorticity. Consgder avortex tube origindly
assumed in the z direction. The shear flow will tilts it down the direction of the shear,

generating vorticity in the horizontal direction ”,/ ,>0. Thisis like a hdicopter. The
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hdicopter moves forward when its propdler axis tilts horizontally. As such, the rotation
of the propdler has a component in thehorizontal direction.

The stretching effect has been seen in the shdlow water system. When the vortex tube is
stretched ("w>0) as in the figure above the magnitude of the vorticity is increased (
""2>0). Thisislike the case of figure skating. The stretching effect does not changethe

direction of thevorticity.

" w>0 "#, >0, dretchinginoreases#, !

v
Note 1. The dstretching of the distortion term is similar to the genera stretching

"a(# ¥u). Indeed, take {,=! 2k, we have the sum of the distortion and general stretching
terms as

"L ¥u) + (" ¥ Ju =Sk "a("/gu+ %V + O/QW) +i" 9pu+j" 9v+ K" W

[ 980,930,895+ 9]
The net effect is a horizontalO(nomal to ) convergence or divergence, which in the
case of incompressible fluid / u+/ v ="/ w, is the same as the stretching effect. In
fact, with incompressibility, the general stretching term " #,($ ¥u) =0. The stretching

effect comes only fromthe z component of the distortion term.

The effect of the barodinic vorticity generation term can be seen in the following
example. Thedifferential dengty alongtheisoba creates horizontal dendty gradient. As
such, the heavier fluid will sink and the lighter fluid rises, generating a clock wise
rotation.
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-0/($
N . T

P

Oneimportant specia case isthebarotropic fluid,
p=np(). (4.2.3)

Now, thebarodinic term vanishesbecause " $#" p=" $#g—g" $!0.

In fact, (4.2.3) istheorigind ddinition of barotropic fluid, while ! =cong is the special

case of the barotropic fluid.

2: Circulation Theorem

In Section 1.3, we have seen tha thetotal circulation is consrved in the homogeneous
fluid if forcing and dissipaion are neglected. In the barodinic case, the circulation is no
longe conserved.

Follow thederivationin Section. 1.3, butkeep theterm % p, wehave

E¢5u¥dl 25%¥dl =82# $u¥d %51' p¥dl +&E¥dl
dt dt & &

Since

$20 x u¥d =2Qddit“,
sEvpyd = v x (X2 ¥¥da= — YL X VP
p p

Y
5 ¥ndA
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We have thecirculation equaion
d d 1 &" ' pv F
—$, =—(P+2#A )= 05— ¥ndA+ 65 ¥dl 424

The Kelvin® Theorem can then be modfied: the total circulation is consrved if the

barodinic term vanishes, or equivalently, the fluid has to be barotropic p = p(!).

Similarly, thereis no Bernouli equaionin the presence of barodinic term.
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Section 4.3: Ertel Potential Vorticity

1 Ertel Potential Vorticity Consrvation

Potential vorticity has been seen of critica importance in the shdlow water dynamics.
The concept of the shdlow water potentia vorticity (Rossby 1940)can be generalized to
a dratified fluid (Ertel, 1942) Here, we will study the Ertel PV in its integral form,
making use of the Kelvin@ theorem. A more detailed derivation can befoundin Pedlosky
(Ch 2).

%e&

n

U UP @'
N A

At a first sight, the Kelvin® theorem (4.2.4) states that the total circulation is not
congerved in the presence of barodinity. Thisis a seriouslimitation on GFD applications
because all our fluids are stratified and therefore strongly baroclinic. However, an
dternae quantity, called the Ertel potential vorticity can still be derived from the
Kelvin@ theorem. As in the shdlow water case, this quantity is of fundamental
importance to GFD!

Neglecting forcing and dissipaion, and using the Stoke® theorem, the Kelvin® theorem

can bewritten as

' $98$p”
. 431
o ndA (4.3.0)

It is seen tha the baodinic term tha prohibits the conervation of the circulation.

E##’a *ndA=#
dt a A

However, as seen below, by carefully selecting our integral surface, the barodinic term

I
can be eliminated. We choose a quantity & which is a material surface (Z—'t =0), and
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consde the circulation on a surface A tha is on a condant # surface. Furthermore, we

" n

assumeA = A(p, p), suchtha nispadlelto! " :%‘3! $+%! p. This leadsto:

n¥( #"1p)=1 $¥( #"1p)=0
Therefore, (4.3.1) becomes
d

= 3¢, ¥ndA=0

dt A(#=cons)
n||%e&

—A ¥,

= 3 7

When the area of the surface element A" 0, we have approximately

ﬂ("a¥n#A) -0 (4.3.4)
dt
Since #isamateria surface, mass consrvation states that
U= #IA= #|é—”|!A = cond. (4.3.5)

following the flow. (we have used /#=|$#!l, whos onedimenson andogy is

1#="#1x). Also, we can write thenarmal vector as

"
n= m (4.3.6)

Subgitute #A and n from (4.3.5) and (4.3.6) in (4.3.4), we have the Ertel potential
voriticity conservation

!
% -0, (4.3.7)

where

$9% (43.79
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isthe Ertel potential vorticity. The derivation above shows tha the conservation of Ertel
PV isadirect result of the Kelvin® theorem, buton a special materia surface #=# %p).
In other words the conditionsfor the conservation of Ertel PV are:

ar = 0 (materiakurface)

1) {dt
r=Alp,p) egir=p
i) noforcing or dissipation to the system.

Here are some mos commonly used Ertel PVs. In the ocean, since d$dt=0 in the

! 2
adiabdtic flow, we sat " :'7, and the Ertel PV becomes

"0
= YS9,
V4

I f because "/f=% <1, we have

a

where we have used 1, >> 1,/ . If furthermore, "

the plangary potential voriticity
I n

$HT—.
1z

/ /
In the atmopheae, ?j_t =0 in the adiabatic flow, we set " =#— and the Ertel PV
g

becomes

n :#

3, ¥'%&( #$a)’z& -5, )&
g g )P

The consrvation of PV provides a powerful condrain on the course of the motion of a

fluid parcel. In the mean time, PV can adso be used for diagnogic studies in the
observation. Findly, it can also be used as atracer to track thelongterm particle motion.
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Questions for Chapter 4

Q4.1: With hydrodatic approximation, prove mathematically tha the pressure gradient
force in the Zy coordinae is tranderred to the geopoential height in the p (or Z! - Inp
coordinae).

1alrg &
) X', (X",

here p=p(x, vy, Zy, t) is the pressure in the Z; coordinae and &= &(x,y,Zt) is the
geopoeential heightin thep (or Z) coordinae.

Q4.2: Thedtretching term and tilting term are important in the vorticity equdion (4.2.1),
butplay noroleinthecirculationtheory (4.2.4). Why?
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Exercises for Chapter 4
E4.1: (f-plane waves) For the contnuowsly dtratified fluid satisfying the general
equaions(4.15), small perturbaion satisfies the linearized equaions

#
#ul fv=1 <P

#
#v+ fu=1 ”yp
#w+ 9= 7aP

#U+#N+# w=0
#"+w", =0
r
onaf-plang, for auniform gratification (such tha N? =" /_Z IS apostive condant)
(@ Show tha the dispeason redatondip for the waves of the form
expli(kx +ly + mz+! t)] are:
I, =0
for thegeodrophic (vorticity) mode and
, 5 _ NZ(k2 +|2)+ f2m2
* 23 k2 +|2 +m2

for theinternd inetial-gravity waves.
(b) Unde hydrodatic approximation such tha the vertica momentum equdion is

I n
?_' = #’;p ,showtha thedispesionrelationshipsare

I, =0,
for thegeogrophic (vorticity) mode and
. NZ(k2 +|2)+ f2m2

2,3 2
m

!

for the internd internd-gravity waves. Wha is the relation between the dispersion
relationships of this internd inertial-gravity wave and the inertial-gravity wave derived
fromthel.5-layer modd?

(c) Unde wha condtions you think tha the hydrogatic approximation is not good
because it distorts thewave dispersion relationships too much.
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(d) In a homogeneousfluid, wha are the dispersion relationships for these waves with
and without hydrogatic approximation?

E4.2: (PV of -f-planewaves) Thelinaized Ertel PV can bederived from the equationsin

n — I mi
E41 as $ =[(f +#)'I—]':# "t f',—, Using the equaions and results in E4.1,
!z !z
derive the PV disturbances corresponding to the geogrophic vorticity mode and the
internd inertial-gravity wave mode
(a) For thegeogrophic mode show tha we can definea streamfunaion’ , such tha

£, oy

H = pquGPV' and qQGPV :VZHU) +0’)2(N2 9z

where g, is the perturbaion QGPV, which can be (see Chapter 5) derived from eqn. (

5.1.20b)
(b) For inertial-gravity wave modes, show that the PV is zero (regardless of hydrodatic
approximation)

' =0
(hint: With the wave form expfi(kx+ly + mz+/t)] in E4.1, usng the eigenfundions
derived fromthefour equaions
#,p

"

=
put =t Py =

m m

, #AU+#V+#w=0, #"+w", =0

such that u and v can berepresented in terms of dengty)

E4.3: For the continuousy dsratified fluid satisfying the equaions (4.15), the low
frequency, largescale, small peturbaion satisfiesthelinearized equdions
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! fv:!%#xp+#FX

0 0

U= #, e
0 0

#,p=1g"
#U+#NV+#,wWw=0
#UEWT, =S,
where we have dropped Ofor the perturbation, and T, isthe mean stratification.
(d) Showtha theequaionscan bereduced to a single equaion for the peturbaion

dendty as |
L&CF 0 )9, _ F, . &S
R Sk

(b) Assume T, = const , and the momentum and densty forcing vanish, thefree mode
satisfies

wheae N =" ,irz represents the Brunt-Vasara frequency. Assume the perturbaion
"0

hastheform of aplanewave " $ expli(mz + kx#! t)], derive thedispersion relationship

of thewave. Can you guess wha wave isthis?
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